Berkeley, February 8, 2019

Computation with Atoms

Szymon Torunczyk, University of Warsaw

includes work with Bojanczyk, Klin, Kopczynski, Lasota, Ochremiak....

1728 »



Atoms

a tixed underlying logical structure

4 2/28 »



Atoms

a tixed underlying logical structure
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(Q
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Hereditarily detinable set

> if Se Atoms
{a: 2 € Atoms}
{a: a € Atoms, a7 Aa=5} if 5,7€Atoms

{{a:a € Atoms, a=b}: b € Atoms}
{{b: b € Atoms, a<bAb<c}: a,c € Atoms, a<c} if Atoms = (Q,<)

Examples
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Hereditarily definable sets

have finite descriptions

e.g. \1a:a € Atoms, a#b}: b € Atoms]|

> can be input and processed by algorithms
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Hereditarily definable sets

have finite descriptions

e.g. \1a:a € Atoms, a#b}: b € Atoms]|

> can be input and processed by algorithms

equality of sets is decidable < the theory of Atoms is decidable
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Hereditarily definable X

graphs automata Turing machines
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graphs

A pair (V,E) of heredirtarily definable sets with EC (\2/)
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infinite clique

vertices: { 4 : a€Atoms }

edges: (14,6} : a,be Atoms, a#b}

//\\

W7
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Johnson graph

vertices: {{4,0} : a,b€ Atoms, a+b }
edges: {114, b}.4b,¢}} : a,b,ce Atoms, azbAb#cAa#c]




some other graph

vertices: {(4,0) : a,b€ Atoms, a#b }
edges: {{(4,0),(b,¢)} : a,b,ce Atoms, azbAb#=cra*c]
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infinite clique

vertices: { @ : a€ Atoms }
edges: {{a.b}: a,bcAtoms, a=b}

graphs

A pair (V,E) of heredirtarily definable sets with EC Vv

Johnson graph

vertices: {{a,6} : a,beAtoms, a=b }
edges: {{{a.b}1b.cl} : ab,ccAtoms, azbAbzcharc)

2

some other graph

vertices: {(a,8) : a,b€ Aroms, a#b }
edges: {{(.0),(b,c)} : a,b,c€ Aroms, a=babzcrazc)
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graphs

A pair (V,E) of heredirtarily definable sets with EC (\2/)

infinite clique Johnson graph some other graph
vertices: { @ : a€ Atoms } vertices: {{a,6} : a,beAtoms, a=b } vertices: {(a,8) : a,b€ Aroms, a#b}
edges: {{a.b} : a,beAtoms, a=b} edges: {{{a.b}1b.cl} : ab,ccAtoms, azbAbzcharc) edges: {{(.0),(b,c)} : a,b,c€ Aroms, a=babzcrazc)
b ab— — e
i C .C'a —ad |
¢ d b ! X :
. dk I g
\ /

decision problems:

e connectedness

o 3-colorability
e homomorphism

o isomorphism
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decision problems:

e connectedness

o 3-colorability " J
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o isomorphism
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Hereditarily definable X

graphs automata Turing machines

air (V,E) of hereditarily definable sets with EC (g)

irfinice clique Johnsan gragh soime other graph
e g2tk e [ s bgerew, awd |
et ot vl il diahed oo and Abarisnct
decision problems: \

« connectedness

o 3-colorability i J
> discusse

e homomorphism later

s isomorphism
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antomala

A tuple of hereditarily definable sets
(States, Alphabet, Initial, Accepting, d)

where Initial, Accepting € States and 9 € StatesX AlphabetXStates
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Atoms are (Q,<).

An automaton can accept sequcences

q1 g2 43 G4 ... q»

such that g1<92<g3<qs<...<q,
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Atoms are (N,=).

An automaton can aCCept sequences

Al A4) A3 A4 ... Ay

such that #;=4; for some i#j
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Atoms are (N,=).

An automaton can aCCept sequences

Al A4) A3 A4 ... Ay

such that #;=4; for some i#j

deterministic automata = nondeterministic automata
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Atoms are (N,=).

An automaton can accept sequences
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antomala

A tuple of hereditarily definable sets
(States, Alphabet, Initial, Accepting, d)

where Initial, Accepting € States and ¢ C StatesXAlphabetXStates

Atoms are (Q,<). Atoms are (N,=). Aroms are (N,=)
j—\n aAutomaton can aAccept sequences An automaton can accept scqucnccs An automaton can :lccf_'pr chll.t:nccs
q1 492 43 44 ... gn A4l 42 43 a4 ... dn {zzl, ag} {as, a4} {45, a;;] {azﬂ_l, ag,g}

such that #=4; for some izf

such that g1<g2<q3<gs<...<qu

deterministic automara # nondeterministic automata
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antomala

A tuple of hereditarily definable sets
(States, Alphabet, Initial, Accepting, d)

where Initial, Accepting C States and o C StatesXAlphabetXStates

e (Q,2). Atoms are (N,=). Aroms are (N,=)
j—\n aAutomaton can aAccept sequences An automaton can accept scqucnccs An automaton can :lccf_'pr St:q_u.t:rlccs
99293944 A1 A2 43 A4 ... Ax {a1, a2} {43, as} {as, a6} . {2201, @20}

such that #=4; for some izf
such that g1<g2<q3<gs<...<qu

deterministic automara # nondeterministic automata

Can model some infinite-state systems with restricted data access
¢.g. register automatca (Kaminsky—Francez) etc.
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antomala

A tuple of hereditarily definable sets

(States, Alphabet, Initial, Accepting, d)

where Initial, Accepting C States and o C StatesXAlphabetXStates

e (Q,2). Atoms are (N,=). Aroms are (N,=)
j—\n aAutomaton can aAccept sequences An automaton can accept scqucnccs An automaton can :lccf_'pr St:q_u.t:rlccs
99293944 A1 A2 43 A4 ... Ax {a1, a2} {43, as} {as, a6} . {2201, @20}

such that #=4; for some izf
such that g1<g2<q3<gs<...<qu

deterministic automara # nondeterministic automata

Can model some infinite-state systems with restricted data access
¢.g. register automatca (Kaminsky—Francez) etc.

computational problems:
e cmptiness

o language equality

e minimization
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[ uring machines

A tuple of hereditarily definable sets
(States, Alphabet, 9)

where 8 C States X Alphabet X States X Alphabet X {<,>}
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when Atoms = (Q,<):

deterministic = nondeterministic
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when Atoms =((Z/2Z)%,+):

P = NP

separating language:

sequences of vectors V1 U2 U3 Va4 saes Uy

which are linearly dependent
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when Atoms = (N,=):

P = NP

deterministic # nondeterministic
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when Atoms = (N,=):

P = NP

deterministic # nondeterministic

Separating language:
sequences 41 42 43... Ay 171 bz bg bﬂ
of elements of A= 1\{{a.b,c}{d,¢f}}: ab,c.defeN]
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when Atoms = (N,=):
P+« NP
deterministic # nondeterministic

Separating language:
sequences 41 42 43... Ay 171 bz bg bﬂ
of elements of A= 1\{{a.b,c}{d,¢f}}: ab,c.defeN]

such that for some bijection 7: N>N

(b1by ... b,) =(m(a1)w(az)...7(as))
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o universal algebra

o Aisis not homogencous in a finite relational/functional lalg}zggage



[ uring machines

A tuple of hereditarily definable sets

(States, Alphabet, 9)

where 8 C States X Alphabet X States X Alphabet X {<,>}

when Atoms = (Q,<): when Atoms =({Z/22)v.+):
dererministic = nondererministic

P = NP

separating language:

scquences of vectors ¥ U2 U3 V4 ... U

which are linearly dependent

when Atoms = (N,=):

P« NP
deterministic # nondeterministic
separating language:
sequences 4] @2 d3... dn b1 b2 b3... by
of clements of A= {{{ab.clidefl}: abcdefeN}

such that for some bijection m: NN

(b1 by ... ba) =(nf{a))m(a2).. m(aa))

related to:
 Cai-Furer-Immermann graphs
« universal aigcbra

o A is is not homogeneous in a finite relational/functional language
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History

1. In set theory, Fraenkel and Mostowski studied sets constructed
on top of an underlying set ot urelementa or atoms.

"Hereditarily definable sets” are a special case of these, and have finite syntax.

2. Gabbay and Pitts (2002) rediscovered Fraenkel-Mostowski sets
in the case of atoms (N,=), in the context of name binding in semantics,

and called them nominal sets.

3. Bojanczyk et al. (2011) rediscovered these sets in the case of homogeneous atoms,
in the context of automata theory and called them orbit-finite sets with atoms.

4. Up to isomorphism, a structure is hereditarily definable < it interprets in Atoms
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Computation with Atoms

Szymon Torunczyk, University of Warsaw

includes work with Bojanczyk, Klin, Kopczynski, Lasota, Ochremiak....

Atoms Hereditarily definable set
a fixed wnderlying logieal scrucoure
5 if 3eAtoms
{a: @€ Atoms}
{2 @ & Aroms a7 na=5] iS5 FeAroms

& € Aroms, gxb}: # £ Atoms)

Examples:

( N ;= ) — pure sel © main cxarnp!e in this talk

Examples

( ) P J 1 b e Atoms, acbabeock ac € Aroms, acc} if Aroms = [Q,<)
— dense order
O T O R T
( R + % 0,1 ] _ field of reals
bdef:=  variable | parameter fom Atoms
( N +, £ ) — Presbusger ardtbmeiic

{ hdef : variable, . variable © Atoms, first order formula }
i language of Asarms.
o =

Syntax

Hereditarily definable X
Hereditarily definable sets

have finite descriptions

graphs autpmata Turing machines

e Vb ek ek kil b s

eg {{a:a € Atoms, a=b}: b € Aroms}

» can be input and processed by algorithms

History
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Computational Problems

definable sets can be presented as input to algorithms
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Computational Problems

definable sets can be presented as input to algorithms

— Graph reachability

— Deterministic automata minimisation

— Context-free grammar emptiness

— Tree/pushdown automata emptiness

— Graph planarity

— Graph isomorphism

— Graph 3-colorability

— Solvability of systems of equations over finite field

— Satistiability of sets of clauses

— Constraint Satistaction Problems over finite template

— Homomorphism problem
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Reachability

Input: a hereditarily definable graph G=(V,E), vertices s,t €V
Decide: 1s f reachable from s?

decidable when atoms are (N,=) or (Q,<)
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Reachability

Input: a hereditarily definable graph G=(V,E), vertices s,t €V
Decide: 1s f reachable from s?

decidable when atoms are (N,=) or (Q,<)
undecidable for Atoms = (N,+1) (~Minsky machines)
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Algorithm pseudocode

function reachability(V,E,s,t)

Ro 5= {8};

n=0;

repeat
Rn+1 := Ra U {w | (V,W)€EE, VER,, WeV};
n := n+l;

until ( anRn_l ) ;
return (teR,)
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Algorithm pseudocode

function reachability(V,E,s,t)

Ro 5= {8};

n=0;

repeat
Rn+1 := Ra U {w | (V,W)€EE, VER,, WeV};
n := n+l;

until ( anRn_l ) ;
return (teR,)

Terminates for w-categorical Atoms

4 21728 »



€S 10r w-categorical -

Examples: (N,=),(Q,<), Rado graph

Theorem [Ryll-Nardzewski, Engeler, Svenonius]

a structure Atoms 1s w—categorical if and only 1f for all n€EN
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€S 10r w-categorical -

Examples: (N,=),(Q,<), Rado graph

Theorem [Ryll-Nardzewski, Engeler, Svenonius]

a structure Atoms 1s w—categorical if and only 1f for all n€EN

Atoms” has finitely many orbits under the action of Aut(Atoms)
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nitely many oroits unader tne action of

Atoms = (Q,<

(6,4,1) (4,1,6) (4,4,6)
(4,1,6) (11,352) G521 (2,2,11)  (2,11,2)
(12,3,15)

(100,7,4)  (7.4.100) (4,4,100) (4,100,4)

3.5,2,11
(1,4,6) 1563 @19 (3315 (3153 (LLI)

(2,3.5,11) (7.4.100) 14 40.7) e (7.7,100) (7,100,7)  (2,2,2)

(12,3,15)
(4,7,100) (6,3,15) (15,12,3) 123(1:4100) (33.15)  (3,15,3) (4,4,4)
(100,17,4) 551 (6,100,6)  (3,3,3)
2, ,1 (6,3,15) (40,40,100 y )y
( 5 5) (40,7,100) (16,6,3) (63.15) (4,4,15) (4,15,4) (9,9,9)
(40,7,100)
40,50,4
(12,3,1 S) (100,45,7) (7‘4’100) (40,40,50)( ?45::)5 Z?))
(18,12,3)  (12.3.15) (3.3,17) -

(12,3,15)
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nitely many oroits unader tne action of
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€S 10r w-categorical -

Examples: (N,=),(Q,<), Rado graph

Theorem [Ryll-Nardzewski, Engeler, Svenonius]

a structure Atoms 1s w—categorical if and only 1f for all n€EN

Atoms” has finitely many orbits under the action of Aut(Atoms)

(15,12,3)
(100,17,4)

(100,45,7)

(18,12,3)
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yrithm pseudocode
function reachability(V,E,s,t)

Rnt1 = Rn U {w | (Vv,w)€EE, VERn, WEV};

ninates for w-categorical Atoms: RyCR;CR,CR5C...C}) are invariant
Examples: (N,=),(Q.,=), Rado graph

subsets of V, which has finitely many orbits.

Theorem [Ryll-Nardzewski, Engeler, Svenonius]
a structure Atoms is w—categorical if and only if for all nEN

Atoms* has finitely many orbits under the action of Aut( Atoms) V
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Rnt1 = Rn U {w | (Vv,w)€EE, VERn, WEV};

ninates for w-categorical Atoms: RyCR1CR,CR3C...CV are invariant
Examples: (N,=),(Q.,=), Rado graph

subsets of V, which has finitely many orbits.

Theorem [Ryll-Nardzewski, Engeler, Svenonius]
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yrithm pseudocode
function reachability(V,E,s,t)

Rnt1 = Rn U {w | (Vv,w)€EE, VERn, WEV};

until (Rn=Rnp-1);
return (teR;y)

ninates for w-categorical Atoms: RoyCR1CR,CR3C...CV are invariant

Examples: (N,=),(Q.=), Rado graph

subsets of V, which has finitely many orbits.

Theorem [Ryll-Nardzewski, Engeler, Svenonius]
a structure Atoms is w—categorical if and only if for all nEN

Atoms* has finitely many orbits under the action of Aut( Atoms)
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yrithm pseudocode
function reachability(V,E,s,t)

Rnt1 := Rn U {w | (v,w)€E, VERn, WEV};

until (Rn=Rnp-1);
return (teR;y)

ninates for w-categorical Atoms: RyCR1CR,CR3C...CV are invariant

Examples: (N,=),(Q.<), Rado graph

subsets of V, which has finitely many orbits.

Theorem [Ryll-Nardzewski, Engeler, Svenonius]
a structure Atoms is w—categorical if and only if for all nEN

Atoms* has finitely many orbits under the action of Aut( Atoms)
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yrithm pseudocode
function reachability(V,E,s,t)

Rnt1 := Rn U {w | (v,w)€E, VERn, WEV};

until (Rn=Rnp-1);
return (teR;y)

ninates for w-categorical Atoms: RyCR1CR,CR3C...CV are invariant

Examples: (N,=),(Q.<), Rado graph

subsets of V, which has finitely many orbits.

Theorem [Ryll-Nardzewski, Engeler, Svenonius]
a structure Atoms is w—categorical if and only if for all nEN
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Algorithm pseudocode

function reachability(V,E,s,t)

n=0;

repeat
Rnt1 := Rn U {w | (v,w)EE, VER,, WEeV};
n = n+l;

until ( Rn=Rn_1 ) ;
return (teR,)

Terminates for w-categorical Atoms: RyCR1CR,CR3C...C}V are inva

Examples: (N,=).(Q,=), Rado graph

subsets of V, which has finitely many
V

Theorem [Ryll-Nardzewski, Engeler, Sveronius]
a structure Atoms is w—categorical if and only if for all REN

Atoms” has finitely many orbits under the action of Aut(Atoms)
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Reachability

Input: a hereditarily definable graph G=(V,E), vertices s,t €V
Decide: 1s f reachable from s?

decidable when atoms are (N,=) or (Q,<)

undecidable for Atoms = (N,+1) (~Minsky machines)

Algorithm pseudocode

function reachability(V,E,s,t)

Ro := {s};

n=0;

repeat
Rat1 i= Ra U {Ww | (v,W)€E, VER., WeV};
n := n+l;

until (Ra=Rs-1);
return (teR,)

Terminates for w-categorical Atoms: RyCR1CR,CR5C...CV are invariant
Examples: (N.=1,00 =), Rads graph

subsets of 7, which has finitely many orbits.

‘ v
a
R
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Reachability

Input: a hereditarily definable graph G=(V,E), vertices s,t €V
Decide: 1s f reachable from s?

decidable when atoms are (N,=) or (Q,<)

undecidable for Atoms = (N,+1) (~Minsky machines)

Algorithm pseudocode

function reachability(V,E,s,t)

Ro := {s};

n=0;

repeat
Rat1 i= Ra U {Ww | (v,W)€E, VER., WeV};
n := n+l;

until (Ra=Rs-1);
return (teR,)

Terminates for w-categorical Atoms: RyCR1CR,CR5C...CV are invariant
Examples: (N.=1,00 =), Rads graph

subsets of 7, which has finitely many orbits.

‘ v
a
R
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Computational Problems

definable sets can be presented as input to algorithms

— Deterministic automata minimisation

— Context-free grammar emptiness

— Tree/pushdown automata emptiness

— Graph planarity

— Graph isomorphism

— Graph 3-colorability

— Solvability of systems of equations over finite field

— Satistiability of sets of clauses

— Constraint Satistaction Problems over finite template

— Homomorphism problem
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— Context-free grammar emptiness

— Tree/pushdown automata emptiness
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— Graph isomorphism
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Computational Problems

definable sets can be presented as input to algorithms

eratils

— Deterministic automata minimisation

— Context-free grammar emptiness

— Tree/pushdown automata emptiness
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Computational Problems

definable sets can be presented as input to algorithms

(w-categoricity)

erasily

Y Deterministic automata minimisation

v Context-free grammar emptiness

Y Tree/pushdown automata emptiness
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Computational Problems

definable sets can be presented as input to algorithms

(w-categoricity)

eratils

Y Deterministic automata minimisation

v Context-free grammar emptiness

Y Tree/pushdown automata emptiness

— Graph 3—colorability
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Input: A graph G definable over Atoms = (N,=)
Decide: Is G 3-colorable?

Is this problem decidable?
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Example

Is the following graph 3-colorable?

V={(4,b): a,bec Atoms, a#b }
E={{(4,0),(b,c)}: a,b,ceE Atoms, azbAb#cAa*c }
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Example

Is the following graph 3-colorable?

V={(a,b): a,b€c Atoms, a#b }
E={{(4,0),(b,c)}: a,b,ceE Atoms, azbAb#cAa*c }
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Input: A graph G definable over Atoms = (N,=)
Decide: Is G 3-colorable? Example

Is the following graph 3-colorable?

V= { {a.b) a.beAvoms, a2}

Is this problem decidable? S

be |
o ———— ad 3

N\ w
b I3
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Input: A graph G definable over Atoms = (N,=)

Decide: Is G 3-colorable? o Bampl
V= { {a.b) a.beAvoms, a2}
[s this problem decidable?

Proof of decidability uses Ramsey theory [Bodirsky, Pinsker, Tsankov'13]
[ Klin, Kopczyniski, Ochremiak, T.15]
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Input: A graph G definable over Atoms = (N,=)
Decide: Is G 3-colorable? Example

Is the following graph 3-colorable?

V= { {a.b) a.beAvoms, a2}

Is this problem decidable? B

Proof of decidability uses Ramsey theory [Bodirsky, Pinsker, Tsankov'13]
[ Klin, Kopczyniski, Ochremiak, T.15]

Proof. Instead of (N,=) use (Q,<) as Atoms.
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Input: A graph G definable over Atoms = (N,=)
Decide: Is G 3-colorable? Example

Is this problem decidable?

V= { {a.b) a.beAvoms, a2}
E={ {{&b) b)) abiesAtoms, aebrbzcrare ]

Proof of decidability uses Ramsey theory [Bodirsky, Pinsker, Tsankov'13]
[ Klin, Kopczyniski, Ochremiak, T.15]

Proof. Instead of (N,=) use (Q,<) as Atoms.

Theorem (Pestov). Any continuous action of Aut(Q,<) on a nonempty
compact space has a fixpoint.
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Input: A graph G definable over Atoms = (N,=)
Decide: Is G 3-colorable? Bl

Is this problem decidable?

Proof of decidability uses Ramsey theory [Bodirsky, Pinsker, Tsankov'13]
[ Klin, Kopczyniski, Ochremiak, T.15]

Proof. Instead of (N,=) use (Q,<) as Atoms.

Theorem (Pestov). Any continuous action of Aut(Q,<) on a nonempty
compact space has a fixpoint.

Let  Col = {proper colorings of G} € {1,2,3}V(¢)
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Input: A graph G definable over Atoms = (N,=)
Decide: Is G 3-colorable? Bl

Is this problem decidable?

Proof of decidability uses Ramsey theory [Bodirsky, Pinsker, Tsankov'13]

[ Klin, Kopczyniski, Ochremiak, T.15]
Proof. Instead of (N,=) use (Q,<) as Atoms.
Theorem (Pestov). Any continuous action of Aut(Q,<) on a nonempty

compact space has a fixpoint.

Let  Col = {proper colorings of G} € {1,2,3}V(%)
\

compact
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Input: A graph G definable over Atoms = (N,=)
Decide: Is G 3-colorable? Bl

Is this problem decidable?

Proof of decidability uses Ramsey theory [Bodirsky, Pinsker, Tsankov'13]

[ Klin, Kopczyniski, Ochremiak, T.15]
Proof. Instead of (N,=) use (Q,<) as Atoms.
Theorem (Pestov). Any continuous action of Aut(Q,<) on a nonempty

compact space has a fixpoint.

Let  Col = {proper colorings of G} € {1,2,3}V(%)
/ \

closed compact
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Input: A graph G definable over Atoms = (N,=)
Decide: Is G 3-colorable? Bl

Is this problem decidable?

Proof of decidability uses Ramsey theory [Bodirsky, Pinsker, Tsankov'13]
[ Klin, Kopczyniski, Ochremiak, T.15]

Proof. Instead of (N,=) use (Q,<) as Atoms.
Theorem (Pestov). Any continuous action of Aut(Q,<) on a nonempty

compact space has a fixpoint.

Let  Col = {proper colorings of G} € {1,2,3}V(%)
/ \

closed compact

Aut(Q,<) action
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Input: A graph G definable over Atoms = (N,=)
Decide: Is G 3-colorable? Bl

Is this problem decidable?

Proof of decidability uses Ramsey theory [Bodirsky, Pinsker, Tsankov'13]
[ Klin, Kopczyniski, Ochremiak, T.15]

Proof. Instead of (N,=) use (Q,<) as Atoms.
Theorem (Pestov). Any continuous action of Aut(Q,<) on a nonempty

compact space has a fixpoint.

Let  Col = {proper colorings of G} € {1,2,3}V(%)
/ \

closed compact
invariant  Aut(Q,<) action

4 26/28 »



Input: A graph G definable over Atoms = (N,=)
Decide: Is G 3-colorable? ~~ Buamk

V= 1 a.be Avoms,
Is this problem decidable? T——

Proof of decidability uses Ramsey theory [Bodirsky, Pinsker, Tsankov'13]
[ Klin, Kopczyniski, Ochremiak, T.15]

Proof. Instead of (N,=) use (Q,<) as Atoms.

Theorem (Pestov). Any continuous action of Aut(Q,<) on a nonempty
compact space has a fixpoint.

Let  Col = {proper colorings of G} € {1,2,3}V(%)
/ \

closed compact
invariant  Aut(Q,<) action

By Pestov:

if there is a 3-coloring of G then there is an invariant one.
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Input: A graph G definable over Atoms = (N,=)
Decide: Is G 3-colorablez  Pomt

Is this problem decidable?

Proof of decidability uses Ramsey theory [Bodirsky, Pinsker, Tsankov'13]
[ Klin, Kopczyniski, Ochremiak, T.15]

Proof. Instead of (N,=) use (Q,<) as Atoms.

Theorem (Pestov). Any continuous action of Aut(Q,<) on a nonempty
compact space has a fixpoint.

Let  Col = {proper colorings of G} € {1,2,3}V(%)
/ \

closed compact
By Pestov: invariant  Aut(Q,<) action

if there is a 3-coloring of G then there is an invariant one.

Check 3-colorolability of the finite graph G/Aut(Q,<) of orbits of G. W
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Input: A graph G definable over Atoms = (N,=)
Decide: Is G 3-colorable? Bl

Is this problem decidable?

Proof of decidability uses Ramsey theory [Bodirsky, Pinsker, Tsankov'13]
[ Klin, Kopczyniski, Ochremiak, T.15]

Proof. Instead of (N,=) use (Q,<) as Atoms.

Theorem (Pestov). Any continuous action of Aut(Q,<) on a nonempty
compact space has a fixpoint.

Let  Col = {proper colorings of G} € {1,2,3}V(%)
/ \

closed compact
invariant  Aut(Q,<) action

By Pestov:

if there is a 3-coloring of G then there is an invariant one.

Check 3-colorolability of the finite graph G/Aut(Q,<) of orbits of G. W

Also works when Atoms are a Ramsey structure (KPT theorem).
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Computational Problems

definable sets can be presented as input to algorithms

(w-categoricity)

eratils

Y Deterministic automata minimisation

v Context-free grammar emptiness

Y Tree/pushdown automata emptiness

S ald Srke Tarkur 1y 3

— Graph 3-colorability =

st
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Computational Problems

definable sets can be presented as input to algorithms

(w-categoricity)

—‘/Graph reachability e
—‘/Deterministic automata minimisation

v Context-free grammar emptiness

Y Tree/pushdown automata emptiness

- Graph 3—colorability #

sdemal th »_-F-_,:c a-uq,.u:..duw'm =

— Solvability of systems of equatlons over finite field

— Satisfiability of sets of clauses

— Constraint Satisfaction Problems over finite template
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Computational Problems

definable sets can be presented as input to algorithms

(w-categoricity)

(Ramsey)

—‘/Graph reachability e
—‘/Deterministic automata minimisation

v Context-free grammar emptiness

Y Tree/pushdown automata emptiness

- Graph 3—colorability #

sdemal th »_-F-_,:c a-uq,.u:..duw'm =

¥ Solvability of systems of equatlons over finite field

— Satisfiability of sets of clauses

¥ € snstraine Sacsfaction Problenis over Baite template
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Computational Problems

definable sets can be presented as input to algorithms

(w-categoricity)

(Ramsey)

—‘/Graph reachability e
—‘/Deterministic automata minimisation

v Context-free grammar emptiness

Y Tree/pushdown automata emptiness

- Graph 3—colorability #

sdemal th »_-F-_,:c a-uq,.u:..duw'm =

¥ Solvability of systems of equatlons over finite field

— Satisfiability of sets of clauses

¥ € snstraine Sacsfaction Problenis over Baite template

‘—/Homomorphism problem [Bodirsky, Pinsker, Tsankov'13]
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Computational Problems

definable sets can be presented as input to algorithms

(w-categoricity)

(Ramsey)

—‘/Graph reachability e
—‘/Deterministic automata minimisation

v Context-free grammar emptiness

Y Tree/pushdown automata emptiness

v
— Graph planarity

- Graph 3—colorability #

sdemal th »_-F-_,:c a-uq,.u:..duw'm =

¥ Solvability of systems of equatlons over finite field

— Satisfiability of sets of clauses

¥ € snstraine Sacsfaction Problenis over Baite template

‘—/Homomorphism problem [Bodirsky, Pinsker, Tsankov'13]
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Computational Problems

definable sets can be presented as input to algorithms

(w-categoricity)

(Ramsey)

—‘/Graph reachability e
—‘/Deterministic automata minimisation
v Context-free grammar emptiness

Y Tree/pushdown automata emptiness
4 .

— Graph planarity

— Graph isomorphism ...

- Graph 3—colorability #

sdemal th :_-F_,:c a-uq,.u:..duw'm =
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— Satisfiability of sets of clauses
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