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The Computably Enumerable Sets, E

• We is the domain of the eth Turing machine.

• ({We : e ∈ω},⊆) are the c.e. (r.e.) sets under inclusion,
E.

• These sets are the same as the Σ0
1 sets,

{x : (N,+,×,0,1) îϕ(x)}, where ϕ is Σ0
1.

• We,s is the domain of the eth Turing machine at stage s.
• For safety, all sets are c.e., infinite, and coinfinite, unless

otherwise noted.

• 0,1,∪, ∩, and t (disjoint union) are definable from ⊆ in
E.
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Computably Isomorphic Sets

Definition
X and Y are computably isomorphic iff there is a computable
permutation, p, of ω such that p(X) = Y .

Lemma
Assume X and Y are computably isomorphic which is
witnessed via a computable permutation p. Then
Φ(W) = p(W) is an automorphism of E.

Proof.

• If W is c.e. then so is p(W).
• X ⊆ Y iff p(X) ⊆ p(Y).

The first clause depends on the fact that p is computable.
The second depends on the fact that p is a permutation.
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1-Complete Sets

Theorem (Myhill)
X is 1-complete iff X and K are computably isomorphic.

Lemma
All 1-complete sets are in the same (effective) orbit.

Question
Do the 1-complete sets form an (effective) orbit?
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The Computable Sets

Lemma
The infinite coinfinite computable sets are in the same
effective orbit.

Proof.
There is a computable permutation p such that p(R) = R̂ and

p(R) = R̂.

Lemma
R is computable iff ∃Y[R t Y =ω].

Lemma
The infinite coinfinite computable sets form an effective orbit.
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1-Complete is Definable

Theorem (Harrington ∼84)
A c.e. set A is 1-complete iff
(∃C ⊃ A)(∀B ⊆ C)(∃R)[R is computable & R ∩
C is noncomputable & R ∩A = R ∩ B].

Theorem
The 1-complete sets form an effective orbit.
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Automorphisms vs. Definability

Definition
X is automorphic to Y , X ≈ Y , iff there is an automorphism
of E such that Φ(X) = Y .

If the 1-complete sets had failed to form an orbit then there
must be a c.e. set which not 1-complete but is automorphic
to a 1-complete set. The failure to find these automorphisms
led Leo to the property defining the 1-complete sets. It is this
interplay which makes the c.e. sets an interesting place to
work.
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THE ∆0
3-AUTOMORPHISM METHOD

AND NONINVARIANT CLASSES OF DEGREES

LEO HARRINGTON AND ROBERT I. SOARE

1. Introduction

A set A of nonnegative integers is computably enumerable (c.e.), also called
recursively enumerable (r.e.), if there is a computable method to list its elements.
Let E denote the structure of the computably enumerable sets under inclusion,
E = ({We}e∈ω,⊆). Most previously known automorphisms Φ of the structure E of
sets were effective (computable) in the sense that Φ has an effective presentation.
We introduce here a new method for generating noneffective automorphisms whose
presentation is ∆0

3, and we apply the method to answer a number of long open
questions about the orbits of c.e. sets under automorphisms of E . For example, we
show that the orbit of every noncomputable (i.e., nonrecursive) c.e. set contains
a set of high degree, and hence that for all n > 0 the well-known degree classes
Ln (the lown c.e. degrees) and Hn = R − Hn (the complement of the highn c.e.
degrees) are noninvariant classes.

Let {We}e∈ω be a standard indexing of the c.e. sets, let E denote the structure
of the computably enumerable sets under inclusion, E = ({We}e∈ω,⊆), and let
Aut(E) denote the group of automorphisms of E . An automorphism Φ ∈ Aut(E) is
effective if there is a recursive function h (called a presentation of Φ) such that for
all n ∈ ω, Φ(Wn) =∗ Wh(n). Soare [26] introduced a method for generating effective
automorphisms of E and proved that any two maximal sets are automorphic. This
effective automorphism method has been substantially developed and applied to
study E and the relationship between the algebraic structure of A ∈ E and deg(A),
the Turing degree of A. (See [28], Chapters XV and XVI, for a presentation of this
method, the maximal set result, references to later results, and for any unspecified
notation or definitions below.) Let A � B (A �eff B, A �∆0

3
B) denote that A

is automorphic (effectively automorphic, ∆0
3-automorphic) to B. The orbit of A,

written [A], is {B : A � B}. The orbit of A is nontrivial if A is noncomputable.
Recently there have been two important new developments concerning auto-

morphisms of E . First, new E-definable properties have been discovered which
demonstrate that certain automorphisms cannot exist ([8] and [12]). Second, a new
method has been developed for generating certain automorphisms Φ whose presen-
tation h is a ∆0

3 function and which will therefore be called ∆0
3-automorphisms.

The purpose of the present paper is to present this method and to apply it to study
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Slaman-Woodin Conjecture

Definition
For a c.e. set A, L∗(A) is {W ∪A : W a c.e. set} under ⊆
modulo the ideal of finite sets (F ) and E∗(A) is
{W ∩A : W a c.e. set} under ⊆ modulo F .

Theorem (Lachlan (1968))
For each computable Boolean Algebra Bi, there is c.e. set
hhsimple Hi such that L∗(Hi) � Bi.

Corollary
The set {〈i, j〉 : L∗(Hi) � L∗(Hj)} is Σ1

1-complete.

Conjecture (Slaman-Woodin)
The set {〈i, j〉 : Wi ≈ Wj} is Σ1

1-complete.

Idea: Replace “L∗(Hi) � L∗(Hj)” with “Wi ≈ Wj”. (Later we
will see this fails!)
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Invariant Classes

Definition
A class D of degrees is invariant if there is a class S of (c.e.)
sets such that

1. d ∈ D implies there is a W in S and d.

2. W ∈ S implies deg(W) ∈ D and

3. S is closed under automorphic images (but need not be
one orbit).

Conjecture (Martin’s Invariance Conjecture)
Among jump classes Hn and Ln, for n > 0, and their
complements, the invariant classes are exactly H2n−1 and
L2n.
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The Mysteries
Laurie Duggan

Everything happens at once
We miss most of it.
The kettle boils over
And puts out the fire.
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Coding the Double Jump into E

Theorem (Cholak, Harrington)
Let C = {a : a is the Turing degree of a
Σ3 set greater than 0′′}. Let D ⊆ C such that D is upward
closed. Then there is a non-elementary (Lω1,ω) L(A)
property ϕD(A) such that D′′ ∈ D iff there is an A where
A ≡ D and ϕD(A).
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Orbits of Hhsimple Sets

Theorem (Cholak, Harrington)
If A is hhsimple then A≈ Â iff L∗(A) �∆0

3
L∗(Â).

Corollary (Cholak, Harrington)
The set {〈i, j〉 : Wi ≈ Wj and Wi is hhsimple} is Σ0

5.

Hence the Slaman-Woodin plan of attack on their conjecture
fails. The proof involves coding (i.e. definability) into E.
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Automorphisms to Automorphisms

Theorem (The Conversion Theorem, Cholak,
Harrington)
If A and Â are automorphic via Ψ then they are automorphic
via Λ where Λ � L∗(A) = Ψ and Λ � E∗(A) is ∆0

3.
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The Scott Rank of E is ωCK
1 + 1

Theorem (Cholak, Harrington)
There is an c.e. set A such that the set

IA = {i : A is automorphic to Wi}

is Σ1
1-complete.
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Avoiding an Upper Cone

Question (Cone Avoidance)
Given an incomplete c.e. degree d and an incomplete c.e. set
A, is there a Â automorphic to A such that d 6≤T Â?

Should we expect an arithmetical answer?
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What c.e. sets are automorphic to complete sets?

By Harrington and Soare we know this is related to dynamic
properties.

Work with Peter Gerdes and Karen Lange on very tardy sets.

Again should we expect an arithmetical answer?
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D-hhsimple Sets

Definition (The sets disjoint from A)
D(A) = {B : ∃W(B ⊆ A∪W and W ∩A =∗ ∅)} under
inclusion. Let ED(A) be E modulo D(A).

Lemma
If A is simple then ED(A) �∆0

3
L∗(A).

A is D-hhsimple iff ED(A) is a Boolean algebra. Except for the
creative sets, until recently all known orbits were orbits of
D-hhsimple sets.

Question
Are all D-hhsimple sets automorphic to complete sets?
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Which sets are automorphic to low sets?

Theorem (Epstein)
There is a properly low2 degree d such that if A ≤T d then A
is automorphic to a low set.

Definition (Following Maass)
A has the (∆0

3) low shrinking property iff for any (∆0
3)

simultaneous enumeration of the c.e. sets {Ue|e ∈ω} we can
effectively (∆0

3) assign a shrinking USe to each Ue such that
USe ∩A =∗ Ue ∩A and for finite F if

⋂
i∈F USe ∩A is infinite

then
⋂
i∈F Ue ∩A is infinite (entry states w.r.t. the shrunken

sets are the same as the entry w.r.t. given enumeration).

Conjecture (Cholak and Weber)
A is ∆0

3 automorphic to a low set iff A has the ∆0
3 low

shrinking property.
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Thanks, Leo!
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